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- A theoretical contact model for the first time was proposed for grinding 
involving two compliant bodies. 
- The model reveals the position-variant characteristics of the relation 
between nominal and actual tool offsets. 
- This paper proposed a new control strategy by time-variant tool offset 
design to obtain a constant material removal rate. 
- The ground surfaces obtained from the proposed strategy reach the desired 
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Abstract:  
The machining of low-rigidity components (e.g. thin-walled) with compliant tools presents 
accuracy challenges as both sides in contact are being deformed. The controlling method 
presented in this paper enables, for the first time, to obtain the desired and uniform material 
removal rate by controlling the nominal tool offset when two bodies (workpiece and tool) are 
compliant in grinding. A contact deformation model is proposed to predict the relation between 
the nominal and actual tool offsets. The function of nominal tool offsets and material removal 
rates is obtained based on the calibration tests. Spot grinding tests have been performed for 
the validation of the calculated material removal rates, normal grinding forces and spot sizes, 
presenting position-dependent characteristics. The controlling method has been tested for 
the case of continuous grinding the whole area of a circular aluminium thin wall. The surfaces 
ground under the time-variant tool offsets (proposed approach) reach the desired removal 
depth with an average error of ≤10% and achieve 11.2μm~24.2μm (P-V) accuracy in the 
elastic domain, compared with the error of 76.8%~113.7% and accuracy of 42.6μm~50.1μm 
(P-V) in the circumstance of constant tool offsets (conventional approach).  
Keywords: compliant grinding, material removal rate, tool offset, thin wall machining 
 
Nomenclature 
A coefficient matrix (mm3/N) 
𝑎, 𝑎𝑐 radii of the contact region and candidate one (mm) 
𝐵 compliant motion matrix (mm) 
𝑏 distance between the grinding position and thin wall centre (mm) 
𝐶1,2,3 constants of integration 
𝐷1 bending stiffness of the thin wall (N*mm) 
𝑑𝑐𝑑, 𝑑𝑑, 𝑑𝑡𝑑  distance between the case of constant tool offset and the desired depth, 
desired depth, distance between the case of time-variant tool offset and the 




𝐸1, 𝐸2 Young’s elastic modulus of the thin wall and the compliant tool (MPa) 
𝑒 nominal tool offset (mm) 
ℎ thickness of the thin wall (mm) 
𝑖, 𝑗, 𝑘 𝑖𝑡ℎ, 𝑗𝑡ℎ, 𝑘𝑡ℎ discretized element 
𝑙 distance between the calculated point and the pressure location (mm) 
𝑀𝑟 , 𝑀𝑡 bending moments per unit length acting along circumferential and radial 
sections (N) 
𝑛 number of discretized elements 
𝑃 normal contact force (N) 
𝑄 shearing force per unit length (N/mm) 
𝑞 element pressure (N/mm2) 
𝑅1, 𝑅2 radii of the thin wall and compliant tool (mm) 
𝑟, 𝑟1  random points position in x-axis relative to the centre of the contact zone 
and the thin wall (mm) 
𝑟𝑚𝑒, 𝑟𝑐𝑎 Radii of measured and calculated spot sizes (mm) 
𝑆 element area (mm2) 
𝑠 normal distance (“separation”) between two chosen points (mm) 
𝑠0 initial normal distance (“separation”) between two chosen points (mm) 
𝜈1, 𝑣2 Poisson’s ratio of the thin wall and the compliant tool 
𝛿, 𝛿1, 𝛿2 compliant motion, thin wall deflection and actual tool offset used for the tool 
deformation (mm) 
𝜃 location in the circumferential direction (rad) 
𝜆 control parameter of the pressure step of adjacent elements 
𝜎𝑟 , 𝜎𝑡, 𝜎𝑒 radial and circumferential stresses, elastic limit (MPa) 
𝜑 diagonal matrix 
𝜑2 azimuth angle between the calculated point and the pressure location (rad) 
𝛷 auxiliary function 
𝜓 mean square error of elements pressure 
Ω𝑐, Ω𝑔 contact and grinding zones 
𝑓1(𝑃) thin wall deflection function related to contact loads 
𝑓2(𝑃) tool deformation function related to contact loads 
𝑔(𝛿1 , 𝛿2) geometric function related to thin wall deflection and tool deformation 
 
1. Introduction 
With the increased demand for smooth surfaces on thin-walled components with high 
accuracy in aerospace, biomedical, electronics and automotive engineering, the 




grinding tools, are mostly considered as rigid composite bodies [1] , such as grinding wheels, 
composed of bond agents (vitrified/resin/metallic) and abrasive grains 
(SiC/Al2O3/diamond/CBN). Most ground workpiece also shows the infinite stiffness with no 
bending/distortion/ displacement occurring in the interaction with the tool [2,3]. Therefore, the 
material removal, surface profile and surface integrity are analyzed on the basis of the 
grinding processes with two rigid bodies (workpiece and tool) [4,5]. 
Although most machining operations are dealing with two rigid bodies (workpiece and tool), 
in thin-walled part machining, the tool is considered rigid while the workpiece is considered 
deformable due to the high ratios of the in-plane dimension to the thickness (more than ten 
[6]) which leads to low stiffness. Hence the amount of material removal is not constant 
because of the compliance of the workpiece. Generally, achieving precision machining of 
thin-walled parts is contingent on error compensation [7,8]. In such cases, the thin wall 
deflections from predictions considering mechanical/thermal loads [9,10] or real-time online 
measurement [8,11,12], are mostly used as position-dependent feedback to reselect and 
design processing parameters (e.g. smart tool paths [13–15] or constant contact forces [16]). 
However, these approaches solved the case in which only the workpiece is compliant. 
There is another case where the tool is compliant, and the part is rigid, namely compliant 
grinding. More complexities than other grinding approaches are that the cutting mechanism 
of this process has characteristics of time dependence and compliance. The material removal 
in compliant grinding is measured by influence functions, which is another area of 
complexities because they depend on pressure distributions and relative velocities between 
the tool and workpiece as well as interfacial conditions based on Preston’s Law [17]. Shape 
adaptive grinding (SAG) [18–20] and bonnet polishing tools [21], as two types of compliant 
grinding tools, show high shape adaptability in grinding sculptured freeform surfaces thanks 
to the tools’ elastic substrate (rubber/air inflated). Mainly the compliant tools have been used 
for grinding rigid bodies (metallic/ceramic workpiece without macro deformations in contact 
with tools) [22–24] based on elastic contact forces predictions [25,26] and the modifications 
of the interfacial friction coefficient [27,28]. However, with this process being so versatile, 
grinding low-rigidity components with such tools should be studied, such as thin walls which 
are widely used in the engineering profession for aerospace and other scenarios where 
weight and cost are main considerations. 
To the authors’ best knowledge, there are very few attempts about two compliant elements 
being in contact, i.e. both the tool and workpiece, in relation to a mechanical material removal 




scanning systems, calibration strategies and force sensors [29,30]. This paper takes 
advantages and interests on the complexity of SAG tools to grind the thin wall surfaces where 
both are compliant. 
1.1 Problem identification 
This paper reports on an attempt to deterministically obtain a desired constant material 
removal rate by the control of tool offsets in grinding processes where two soft bodies are 
involved, i.e. low-rigidity workpiece and shape adaptive grinding tool. In compliant grinding, 
the interaction area between the two bodies is dependent on the geometrical tool offset. The 
tool offset is given as the rigid motion distance along the normal direction of ground surfaces, 
starting from the initial contact point as the tool is compressed into the workpiece. 
 
Fig. 1. Schematics of compliant grinding on thick blocks (a) and thin walls (b) enphasising key differences 
between phenomena occurring at the tool-workpiece contact zone.  
The nominal tool offset is the key control parameter to obtain a constant material removal. It 
is used for the tool deformation in grinding rigid components, e.g. thick blocks (see in Fig. 
1a). However, the nominal tool offset introduces a challenge in compliant grinding of thin walls 
because two soft bodies are both deformed under the given pressure until a new equilibrium 
state is reached, yielding a smaller tool deformation than in the case of grinding thick/rigid 
blocks. Specifically, the actual tool offset (𝛿2 in Fig. 1b) used for deforming the tool is smaller 




the nominal tool offset is the only controllable factor for adjusting and compensating the thin 
wall deflections, the control strategies of tool offsets are the focus of this study based on the 
analysis of the SAG tool deformation and the thin wall deflection.  
2. Controlling process model 
This section develops the theoretical model for controlling the tool offset with the aim of 
achieving a constant material removal rate. The design of the tool offset is based on i) the 
relationship between the nominal and actual tool offsets (see section 2.1); ii) the control of 
tool offsets in shape adaptive grinding thin walls (see section 2.2); iii) the relationship between 
the actual tool offset and the material removal rate (see section 3.2).  
2.1 Contact deformation model 
For the aim of finding out the contact deformations of two elastic solids in the normal direction 
(the relationship between the given and the actual tool offsets), the problem can be depicted 
as the normal frictionless contact between an elastic sphere and a thin wall although there is 
relative motion at the interface between them due to the spindle rotation and feed movement. 
This is because, in the context of grinding, the geometry and kinematics of the process affect 
the shear in an abrasive contact, while the normal contact loads are not influenced by the 
process kinematics and shear forces [31]. The normal contact deformations are mainly 
dependent on the normal contact stresses. 
To simplify this problem, the following assumptions are made: 
- The contact pressure is assumed axi-symmetrically distributed within a circular region as 
the elastic substrate shape of the compliant tool is a partial sphere. 
- The middle plane of the thin wall in the direction of thickness remains neutral during 
bending. Points initially perpendicular to the middle plane remain perpendicular to the 
deformed middle surface (Kirchhoff hypothesis).  
- The thin wall is isotropic and deformed without the consideration of thermal effects due to 
slow cutting speeds and extremely low material removal rates. 
- The thickness of thin walls remains unchanged as the compliant grinding is a fine finishing 
process with a very small grinding allowance. 
The discrepancy between programmed and actual tool offset stems from different properties 
of the tool and workpiece in elastic deformation, i.e. stiffness of two elastic bodies. The 
elasticity of the SAG tool (body 2) is from the nature of its material (rubber substrate), while 
the flexibility of the thin wall (body 1) is dependent on its dimensions (i.e. ratio between length 




tool offset is given, it introduces the contact loads between two bodies. However, with the 
same pressure, two bodies react differently leading to unequal deformations. That means this 
normal frictionless contact problem is formulated to obtain the solution of the normal contact 
loads between two bodies under a nominal tool offset. It is considered that the normal 
frictionless contact is not affected by the surface roughness of the contact interfaces. The 
evolution equation of nominal tool offset (𝑒) can be expressed as 
 𝑒 = 𝑔(𝛿1, 𝛿2) = 𝑔(𝑓1(𝑃),𝑓2(𝑃)) (1) 
where: 𝛿1 - thin wall deflection; 𝛿2 - actual tool offset used for tool deformations in the 
compressed direction; 𝑃 - contact load between two elastic bodies; 𝑔(𝛿1, 𝛿2) – geometric 
function related to thin wall deflection and actual tool offset; 𝑓1(𝑃) – thin wall deflection 
function related to contact loads; 𝑓2(𝑃) – actual tool offset function related to contact loads. 
2.1.1 The geometric relationship between nominal tool offset and two bodies deformation 
The geometric equation is depicted by the function 𝑔(𝛿1 , 𝛿2) in Eq. (1). For two arbitrary 
points located on the two solids with the same position in the x-axis (see in Fig. 1b), the 
“separation” (𝑠) between two points after compression includes: i) initial distance (𝑠0) where 
two bodies just contact without pressure, ii) rigid motion (𝑒), and iii) compliant motion (𝛿1 and 
𝛿2).With regards to those that are within the contact region (Ω𝑐), the “separation” (𝑠) is zero. 
𝑔(𝛿1 , 𝛿2) can be described by 
 𝑒 = 𝑔(𝛿1, 𝛿2) = 𝑠0 + 𝛿1 + 𝛿2 (2) 
 𝑠0 = 𝑅2 −√𝑅2
2 − 𝑟2, 0 ≤ 𝑟 ≤ 𝑎 (3) 
where: 𝑟 - position of chosen two points projected to the x-axis relative to the centre point O; 
𝑅2 - radius of the SAG tool (body 2); 𝑎 - radius of the contact region. 
The compliant motion (𝛿 = 𝛿1 + 𝛿2), i.e. the sum of thin wall deflection and the actual tool 
offset used for the tool deformation, varies with distances to the contact centre (𝑟 in Fig. 1b) 
in the contact zone, although the rigid motion is the same for each point on the surfaces. This 
is because the initial distances (𝑠0) between the tool and workpiece are different. Meanwhile, 
the distributions/allocations of tool and workpiece deformations are different concerning 
different positions as mentioned above. It means that the solution of Eq. (1) should satisfy 
the equilibrium with respect to random positions in the contact zone. The discretization can 
approximate the equilibrium in the continuum by a finite number of parameters. After the 
contact zone was discretized, the equilibrium was established concerning centroids and 




two bodies are denoted by changing pressure distribution along the radial direction but the 
same within each discretized annular element. 
 𝑃 = ∑ 𝑃𝑖
𝑛
𝑖=1 = ∑ 𝑞𝑖𝑆𝑖
𝑛
𝑖=1  (4) 
where: 𝑃 - normal contact force; 𝑛 - number of the discretized elements; 𝑃𝑖  - resultant 
contact force (pressure) in 𝑖𝑡ℎ element; 𝑞𝑖 and 𝑆𝑖 - pressure and area of 𝑖
𝑡ℎ element; 
Details about discretization are shown in Appendix A.  
2.1.2 The function linking thin wall deflection and pressure 
For a thin wall (with a high ratio of length to thickness), the contact region is much smaller 
than in-plane dimensions of the thin wall, and therefore, to simplify this problem, we assumed 
the contact load is a concentrated force (𝑃) for the thin wall. The equation of 𝛿1 = 𝑓1(𝑃) is 
calculated by considering two cases: i) symmetric loading when the concentrated force (𝑃) is 
exerted at the centre of the thin wall (see in Fig. 2a), and ii) asymmetric loading when the 
concentrated force (𝑃) is exerted at eccentric positions relative to the thin wall centre (see in 
Fig. 2b); in both conditions, the geometry and boundary conditions (i.e. circular shape with 
fully clamped edges) are axisymmetric. 
 
Fig. 2. Force analysis of the discretized element (c) when a concentrated load is symmetrically (a) and 
asymmetrically (b) exerted on the clamped circular thin wall. [6] 
(i) Symmetric loading. When the grinding position is at the centre of the circular thin wall 




circumferential direction is [32] 
 [𝑀𝑟 + (𝑑𝑀𝑟 𝑑𝑟1⁄ )𝑑𝑟1](𝑟1 + 𝑑𝑟1)𝑑𝜃 −𝑀𝑟𝑟1𝑑𝜃 −𝑀𝑡𝑑𝑟1𝑑𝜃 + 𝑄𝑟1𝑑𝜃𝑑𝑟1 = 0 (5) 
Simplifying, so it can be 
 𝑀𝑟 + (𝑑𝑀𝑟 𝑑𝑟1⁄ )𝑟1 −𝑀𝑡 + 𝑄𝑟1 = 0 (6) 
where: 𝑀𝑟  and 𝑀𝑡 - bending moments per unit length acting along circumferential and 
radial sections; 𝑄 - the shearing force per unit length; 𝑟1  and 𝜃 - the location in radial 
and circumferential directions. 
 𝑀𝑟 = −𝐷1[𝑑
2𝛿1 𝑑𝑟1
2⁄ + (𝜈1 𝑟1⁄ )(𝑑𝛿1 𝑑𝑟1⁄ )] (7) 
 𝑀𝑡 = −𝐷1[(1 𝑟1⁄ )(𝑑𝛿1 𝑑𝑟1⁄ ) + 𝜈1(𝑑
2𝛿1 𝑑𝑟1
2⁄ )] (8) 
 𝐷1 = 𝐸1ℎ
3 12(1 − 𝑣1
2)⁄  (9) 
where: 𝐷1 - bending stiffness; 𝜈1 and 𝐸1 - Poisson’s ratio and Young’s elastic modulus 
of the thin-walled component; ℎ - thickness of the thin wall component. 
Substituting, 
 𝑑3𝛿1 𝑑𝑟1
3⁄ + (1 𝑟1⁄ )(𝑑
2𝛿1 𝑑𝑟1
2⁄ ) + [(𝑣1 − 1) 𝑟1
2⁄ ](𝑑𝛿1 𝑑𝑟1⁄ ) = 𝑄 𝐷1⁄  (10) 
In this case, 𝑃 = 2𝜋𝑟1𝑄  is obtained by lateral force equilibrium. Substituting and 
simplifying, 
 𝑑[𝑑 (𝑟1𝑑𝛿1 𝑑𝑟1⁄ ) 𝑟1𝑑𝑟1⁄ ] 𝑑𝑟1⁄ = 𝑃 2𝜋𝑟1𝐷1⁄  (11) 
The general solution of this equation yields to the following form 
 𝛿1 = 𝑃 ∙ 𝑟1
2(𝑙𝑛𝑟1 − 1) 8𝜋𝐷1⁄ + 𝐶1𝑟1
2 4⁄ + 𝐶2𝑙𝑜𝑔𝑟1 + 𝐶3 (12) 
Due to the clamped edges, the deflection (𝛿1) is zero at the edge of the thin wall (𝑟1 = 𝑅1), 
and the slope of the deflection (𝑑𝛿1 𝑑𝑟1⁄ ) must be zero for the centre (𝑟1 = 0) and edge 
(𝑟1 = 𝑅1). 
 𝛿1 = 0, for 𝑟1 = 𝑅1 (13) 
 𝑑𝛿1 𝑑𝑟1⁄ = 0, for 𝑟1 = 0 and 𝑟1 = 𝑅1  (14) 
where 𝑅1 - radius of the circular thin wall. 
Substituting equation (12) for 𝛿1 , the constants of integration  𝐶1 , 𝐶2 , and 𝐶3  are 
obtained 
 𝐶1 = −𝑃(𝑙𝑛𝑅1 − 1 2⁄ ) 2𝜋𝐷1⁄  (15) 
 𝐶2 = 0 (16) 
 𝐶3 = 𝑃 ∙ 𝑅1




Then, the deflection 𝛿1 in the case of symmetric loading is derived by 




2𝑙𝑛(𝑟1 𝑅1⁄ ) 𝑅1
2⁄ ] 16𝜋𝐷1⁄  (18) 
 
(ii) Asymmetric loading. When the grinding position moves to an eccentric point, for example, 
a distance of 𝑏 relative to the thin wall centre 𝑂, the thin wall is divided into two regions 
by the cylindrical section of radius 𝑏. Compared with the symmetric case, the thin wall 
deflection expression here should contain the term of the azimuth angle (𝜃) so as to be 
varied along the circumferential section. Therefore, we have[6,32] 
 𝛿1(𝑟1 , 𝜃) = {
𝛿1𝑖(𝑟1 , 𝜃) = 𝐾0 +∑ 𝐾𝑚cos𝑚𝜃, for 0 < 𝑟1 ≤ 𝑏
∞
𝑚=1
𝛿1𝑜(𝑟1 , 𝜃) = 𝐾0 + ∑ 𝐾𝑚 cos𝑚𝜃
∞




𝐾0 = 𝑎0 + 𝑏0𝑟1
2 + 𝑐0𝑙𝑜𝑔𝑟1 + 𝑑0𝑟1
2𝑙𝑜𝑔𝑟1







−𝑚+2, 𝑚 = 2,3,4, . . .
 (20) 
These symbols of 𝐾0, 𝐾1, 𝐾𝑚 in deflection function 𝛿1𝑖(𝑟1 , 𝜃) for the inner region can be 
written in similar forms. The finite requirement at the centre, the boundary conditions, the 
deformation and shear forces continuity conditions along the loading circle require to act 
as requirements, and these requirements can be expressed 
 ?̂?𝑚 = ?̂?𝑚 = 0,𝑚 = 1,2,3,4, … (21) 
 𝛿1𝑜 = 𝜕𝛿1𝑜 𝜕⁄ 𝑟1 = 0, for 𝑟1 = 𝑅1  (22) 
 𝛿1𝑜 = 𝛿1𝑖 , 𝜕𝛿1𝑜 𝜕⁄ 𝑟1 = 𝜕𝛿1𝑖 𝜕⁄ 𝑟1 , 𝜕
2𝛿1𝑜 𝜕⁄ 𝑟1
2 = 𝜕2𝛿1𝑖 𝜕⁄ 𝑟1
2, for 𝑟1 = 𝑏 (23) 
 𝐷1 𝜕(∆𝛿1𝑜)𝑟1=𝑏 𝜕𝑟1⁄ − 𝐷1 𝜕(∆𝛿1𝑖)𝑟1=𝑏 𝜕𝑟1⁄ = 𝑃(1 2⁄ + ∑ cos𝑚𝜃
∞
𝑚=1 ) 𝜋𝑏⁄  (24) 













𝐾1 = −[1 𝑟1⁄ + 2(𝑅1






2⁄ )𝑙𝑜𝑔(𝑅1 𝑟1⁄ )] 𝑃𝑏
3 16𝜋⁄ 𝐷1
𝐾𝑚 = {[(𝑚 − 1)𝑏
2 −𝑚𝑅1
2 + (𝑚 − 1)𝑟1
2
−𝑚(𝑚 − 1)𝑏2𝑟1





2 − (𝑚 − 1)𝑏2 (𝑚 + 1)⁄ ] 𝑟1
𝑚⁄ }𝑃𝑏𝑚 8𝑚(𝑚 − 1)⁄ 𝜋𝐷1















2⁄ ] 𝑃 8𝜋𝐷1⁄
𝐾1 = −[2(𝑅1






2⁄ )𝑙𝑜𝑔(𝑅1 𝑏⁄ )]𝑃𝑏
3 16𝜋⁄ 𝐷1
𝐾𝑚 = {[(𝑚 − 1)𝑏
2 −𝑚𝑅1
2 + 𝑅1
2𝑚 𝑏2𝑚−2⁄ ] 𝑟1
𝑚 𝑅1
2𝑚⁄
+(𝑚 − 1)[1 −𝑚𝑏2 (𝑚 + 1)𝑅1
2⁄ − 𝑅1
2𝑚 (𝑚 + 1)𝑏2𝑚⁄ ]
𝑟1
𝑚+2 𝑅1
2𝑚⁄ }𝑃𝑏𝑚 8𝑚(𝑚 − 1)⁄ 𝜋𝐷1
 (26) 
2.1.3 The function linking tool deformation and pressure 
Assuming the pressure is distributed centro-symmetrically, since the tool deformation of each 
element is affected by not only the pressure of the located one but also pressure from other 
elements, the equation of 𝛿2 = 𝑓2(𝑃) can be expressed as [33] 
 𝛿2(𝑟) = [(1 − 𝑣2




where 𝑣2 and 𝐸2 - Poisson’s ratio and Young’s elastic modulus of the tool; 𝑙 and 𝜑2 - 
distance and the azimuth angle between the calculated point and the pressure location, 
respectively (see Fig. 3). 
 
Fig. 3. The position relationship between the calculated point and pressure location [33].  
2.1.4 Solving method of the geometric equilibrium equation 
With the functions linking the deflections of the part and tool with the pressure being defined 
(Eqs. (18), (19) and (27)), the next step is to solve the pressure between two soft bodies 
based on the geometric equilibrium equation (Eq. (2)).  
The Eq. (2) concerning element centroids is established, then the matrix form of Eq. (2) is 
 𝐴𝑗𝑖𝑞𝑖 = 𝐵𝑗 , 𝑖 = 1,2,3, . . . 𝑛, 𝑗 = 1,2,3, . . . 𝑛 (28) 
 𝐵𝑗 = 𝑒 − 𝑠0𝑗  (29) 




matrix (at 𝑗th position); 𝑖th - the sequence of the calculated pressure; and 𝑗th - the sequence 
of chosen field points (i.e. centroids and nodes of discretized elements); 𝑠0𝑗  - initial distance 
for the chosen field points from Eq. (3).  
However, the ill-posed nature of Eqs. (28) and (29) may introduce physically meaningless 
results if they are solved directly. Hence, to decrease this possibility and a violent oscillation 
of contact pressure, we use the Method of Redundant Field Points (RFP) and the Functional 
Regularization (FR) [34–36] to calculate contact pressure distributed on each element (𝑛 
unknowns) 
The contact pressure is obtained from the solution of Eq. (28) (details are shown in Appendix 
B) after the contact area (𝑎 calculated from Eq. (A.5) [37]) is updated for the positive pressure 
values. Then, the thin wall deflection (𝛿1) and the actual tool offset (𝛿2) used for the tool 
deformation are calculated from Eqs. (2), (18) and (19) under a nominal tool offset (𝑒). 
2.2 Implications of part/tool deformations under pressure in shape adaptive grinding 
(SAG) 
Having the relationship between the given and actual tool offsets (Eqs. (2), (18) and (19)), 
some specific influences on the SAG process can be highlighted: the maximum acceptable 
deformation of thin walls in elastic region, and the influence function of relative positions 
between the tool and workpiece. These will be used as design requirements of nominal tool 
offsets. 
2.2.1 Elastic domain determination of the thin wall component  
The designed tool offset enables not only the uniformity of material removal rate but also the 
elastic domain of the thin wall deflection. The stress of the thin wall is designed to be lower 
than its elastic limit as the component plastic deformation is not acceptable in applications. 
The bending moments of thin walls for symmetrical loads can be expressed as [32] 
 {
𝑀𝑟(𝑟1) = −𝑃[1 + (1 + 𝑣1)𝑙𝑜𝑔(𝑟1 𝑅1⁄ )] 4𝜋⁄
𝑀𝑡(𝑟1) = −𝑃[𝑣1 + (1 + 𝑣1)𝑙𝑜𝑔(𝑟1 𝑅1⁄ )] 4𝜋⁄
 (30) 
For asymmetrical loads, 
 {
𝑀𝑟(𝑟1 , 𝜃) = −𝐷1[𝜕
2𝛿1 𝜕𝑟1
2⁄ + 𝜈1(𝜕𝛿1 𝑟1𝜕𝑟1⁄ + 𝜕
2𝛿1 𝑟1
2𝜕𝜃2⁄ )]
𝑀𝑡(𝑟1 , 𝜃) = −𝐷1(𝜈1𝜕
2𝛿1 𝜕𝑟1




where 𝜕𝛿1 𝜕𝑟1⁄ , 𝜕
2𝛿1 𝜕𝑟1
2⁄ , and 𝜕2𝛿1 𝜕𝜃
2⁄  are expressed in Appendix C. 





𝜎𝑟(𝑟1 , 𝜃) = −6𝐷1𝑀𝑟 ℎ
2⁄ < 𝜎𝑒
𝜎𝑡(𝑟1 , 𝜃) = −6𝐷1𝑀𝑡 ℎ
2⁄ < 𝜎𝑒
 (32) 
where 𝜎𝑟 and 𝜎𝑡 - radial and circumferential stresses, respectively; 𝜎𝑒 – yield strength. 
2.2.2 Controlling the tool offset as a function of the relative position between the grinding 
tool and thin wall 
The tool moves from the initial contact without pressure (initial positions filled by light blue) 
with a distance of 𝑒2 at P2 relative to the thin wall (a), leading to the thin wall deflection being 
unequal ( 𝛿1−2−2 ≠ 𝛿1−2−1 ≠ 𝛿1−2−3 ≠ 𝛿1−2−4 ≠ 𝛿1−2−5 ) between the contact (P2) and 
noncontact positions (P1 and P3-5). When the relative positions between the tool and thin 
wall are changed under the same nominal tool offset (b), the thin wall deflections at 
corresponding contact positions are different along with the radial directions ( 𝛿1−1−1 ≠
𝛿1−2−2 ≠ 𝛿1−3−3, 𝛿1−1−1 = 𝛿5−5−5 and 𝛿2−2−2 = 𝛿4−4−4). The thin wall deflection at grinding 
positions is (when 𝑟1 = 𝑏 from Eqs. (18) (19) (25) and (26)) 
 𝛿1(𝑏, 𝜃) = {
𝑃𝑅1
2 [1 − 𝑏2 𝑅1
2⁄ + 2𝑏2𝑙𝑛(𝑏 𝑅1⁄ ) 𝑅1
2⁄ ] 16𝜋𝐷1⁄ , 𝑏 → 0
𝐾0 +∑ 𝐾𝑚 𝑐𝑜𝑠 𝑚𝜃
∞







 𝐾0 = [4𝑏
2𝑙𝑜𝑔(𝑏 𝑅1⁄ ) + 𝑅1
2 − 𝑏4 𝑅1
2⁄ ]𝑃 16𝜋𝐷1⁄
𝐾1 = − [3 − 4𝑏
2 𝑅1
2⁄ + 𝑏4 𝑅1
4⁄ − 4𝑙𝑜𝑔(𝑅1 𝑏⁄ )]𝑃𝑏
2 16𝜋𝐷1⁄
𝐾𝑚 = {[2(𝑚 − 1)𝑏
2 −𝑚𝑅1
2]𝑏𝑚 𝑅1
2𝑚⁄ + 2 (𝑚 + 1)𝑏𝑚−2⁄
−𝑚(𝑚 − 1)𝑏𝑚+4 (𝑚 + 1)𝑅1
2𝑚+2⁄ }𝑃𝑏𝑚 8𝑚(𝑚− 1)𝜋𝐷1⁄
 (34) 
 
Fig. 4. The influences of the relative positions between the grinding tool and the thin wall on thin wall deflections 




the contact positions are varied as well as the tool deformations (b). The proposed strategy is to input the time-
variant tool offsets so as to obtain the same tool deformation (c). 
In the grinding process, the second aspect (the thin wall deflection at contact positions in Fig. 
4b) is of interest as material removal occurs in the contact area, and it is more dependent on 
the deflection features of the thin wall rather than the tool, meaning, the dissimilarity in thin 
wall deflection with relative positions between the grinding tool and the thin wall (i.e. grinding 
positions). Considering the symmetry in shapes and boundary conditions of thin walls for the 
studied case, the deflections are equal (i.e. 𝛿1−1−1 = 𝛿5−5−5 , 𝛿2−2−2 = 𝛿4−4−4 ) when the 
grinding positions are radially symmetric (P1 and P5, P2 and P4 in Fig. 4a). 
Conventional strategies for compliant grinding processes accept the nominal tool offset with 
a constant value (see 𝑒1 = 𝑒2 = 𝑒3 = 𝑒4 = 𝑒5 in Fig. 4b). However, the tool is increasingly 
deformed with the variation of grinding positions (see the tool shapes in solid blue lines in Fig. 
4b), which indicates an increased normal contact load. It is because the thin wall deflection 
variation with grinding positions relies on both the position-dependent stiffness and changing 
normal contact loads although the tool stiffness is not relevant to the relative positions 
between two. 
For the case chosen here, i.e. the circular shape of thin walls with fully clamped edges, the 
deflection at the centre is more obvious than the one near the edges. That is, the nominal 
tool offset is mostly used for deflecting the thin wall when the tool is at the thin wall centre but 
deforming the tool when the tool is near the thin wall edges. Such being the case, the tool 
should be given a bigger offset at the centre so as to obtain the desired material removal rate 
under a bigger actual tool offset used for its deformation. In other words, the nominal tool 
offsets should be variant with the relative positions between the tool and the thin wall (see in 
Fig. 4c, 𝑒1 ≠ 𝑒2 ≠ 𝑒3 ≠ 𝑒4 ≠ 𝑒5) with the aim of achieving an equalized actual tool offset (see 
the tool shapes in solid blue lines in Fig. 4c). 
Based on the above calculations (sections 2.1 and 2.2), the control strategy is shown in Fig. 
5. Under the desired MRR, the actual tool offset used for tool deformations is obtained by 
calibration tests applying on the rigid block (which will be introduced in section 3.2). The 
radius of the candidate contact region in section 2.1 was initially given as the Eq. (A.4) in 
Appendix A to start the calculation, then replaced with Eq. (A.5) after the tool deformation 
was obtained from section 2.2. After the nominal tool offsets were designed, owing to the 
sub-aperture nature of SAG, the control strategy should contain the check of grinding 






Fig. 5. Flowchart of the control strategy for compliant grinding of low stiffness components 
3 Experimental methodology and model calibration 
3.1 Experimental methodology 
To validate the proposed control strategy, a thin wall of brushed aluminium (Type: 1060) with 
an in-plane dimension to thickness ratio of 160 (diameter: 80mm, thickness: 0.5mm) was 
used as the low-rigidity component in this study (as shown in Table 1). The thin wall is actually 
square with a dimension of 125mm, but its effective shape is circular with a diameter of 80mm 
after the clamping. It was fully clamped along its edge by two engineered ring clamps and 
the ALUFIX Modular Fixturing System while no other support was provided below the thin 
wall except for the boundary support (see in Fig. 6). The used thin wall parts were chosen as 
flat as possible (flatness < 20μm). The Young’s modulus and Poisson ratio of aluminium thin 
walls are 70Gpa and 0.3, respectively, as shown in its material specifications. The shape 
adaptive grinding tool with a radius of 12mm was used as the compliant tool whose Young’s 
elastic modulus can be fitted as a cubic polynomial function of the tool hardness [38]. 
Grinding tests have been carried out on a 5-axis CNC machine (Hurco VMX42SRTi). A Kistler 
9255B dynamometer was used to acquire the normal grinding forces. The surface profile 




Metrology) with a resolution of 0.01μm before and after grinding so as to validate the elastic 
deformation and removal depth of the thin walls.  
 
Fig. 6. Experimental setups of continuous and spot grinding of thin-wall components with the SAG tool. 
The grinding spot tests for the influence function calibration were conducted on a thick 
aluminium block with the SAG tool firstly, using processing parameters shown in Table 1. The 
ground surface in the spot size was scanned by a 3D surface measurement system (Alicona) 
for material removal calibration under the actual tool offset. Then a series spot grinding tests 
(grinding tests without a feed rate, using the same processing parameters shown in Table 1) 
were performed over different radial positions of the circular aluminium thin-wall part, which 
is aimed at verifying the thin wall deflection calculated from our contact model (see Fig. 6). 
Last, in a whole circle area of the thin wall part, continuous grinding (with feed rate) test 
results were compared between the designed tool offset from our controlling process model 
and the constant tool offset from the conventional method. 
Table 1 Parameters of shape adaptive grinding experiments. 
Aluminium thin wall Main processing parameters 
Dimension: 125*125*0.5mm Nominal tool offset 0.1~0.5mm 
Effective dimension: Φ80*0.5mm Grinding position 
relative to the centre 
0.0, 10.0, 20.0mm 




Poisson’s Ratio: 0.3 Grinding area Circle (Φ50mm) 
  Grinding path Raster 
SAG tool Track spacing 0.2mm 
Radius: 12mm Feed rate 0.0, 100mm/min 
Grain size: 40μm Dwell time 20s 
Hardness: 85A Spindle speed 500rpm 
  Precess angle 10° 
 
3.2 Calibrating the SAG process 
The relation between the tool deformation and material removal rate was obtained by 
applying the SAG tool on a thick aluminium block (length: 100mm, width: 50mm, height: 
30mm) using process conditions in Fig. 6 identical to those described in section 3.1. Over 
non-overlapping positions of the aluminium block, a set of spot grinding tests were given 
different tool offsets from 0.1mm to 0.4mm with an interval of 0.05mm. Here, the aluminium 
block is considered as the rigid component without macro deformation (i.e. bending). Then 
the nominal tool offset of the SAG tool can be regarded as the actual tool offset, that is, the 
tool offsetting motion is fully used to deform the compliant tool. Material removal rate (see 
red line in Fig. 7) and normal grinding force (see blue line in Fig. 7) show the same increasing 
trend with the actual tool offset, as known from Preston’s law that material removal is in direct 
proportion to contact pressure. The increasing trend can be fitted to be linear due to the 
combined effects of spot area and contact pressure because they both follow a square root 
law of the actual tool offset [37]. The rubber material gradually adapts to the surface after 
being removed, so the normal grinding force decreases with dwell time (see the left top figure 
in Fig.7). In grinding processes, the dwell time of compliant tools relies on the feed rate 
(0.0~1000mm/min), to better validate contact loads, the average normal grinding forces 
during the first 3 seconds of dwell time are chose to compare with actual tool offsets. The 
material removal rate is equal to the integrated removal volume divided by the dwell time. As 
the material removal rate is not influenced by the dwell time [25], the material removal rate 





Fig. 7. Normal grinding force and material removal rate versus nominal tool offset (tool deformation) on the 
aluminium block with the SAG tool in spot grinding tests. 
4 Model validation and discussion 
4.1 Spot grinding tests 
After the actual tool offset is computed by the contact deformation model under a nominal 
tool offset, the actual material removal rate in the compliant grinding of thin walls can be 
calculated based on interpolation from the data shown in Fig. 7 (see purple rectangles in Fig. 
8a). 
The calculated material removal rates show a good agreement with the measured one, 
indicating the material of circular aluminium thin walls is removed less than the removal of 
the rigid aluminium block with the SAG tool due to the thin wall deflection (compare the 
material removal rate in Figs. 7 and 8 when the tool offset is 0.3mm). With the increase of the 
distances between the circular thin wall centre and grinding positions, the material removal 
is increased (see the increasing trend in Fig. 8 with the grinding positions from 0 to 20mm) 
but still less than the aluminium block case. It means the thin wall deflection is decreased 
when the tool moves from the centre to the edges of the thin wall, which is consistent with 
the proposed model. As expressed in Eqs. (33) and (34), with the increase of 𝑏, the thin wall 
deflection (𝛿1 ) is nonlinearly decreased, and this is the combined actions of the grinding 
positions (increased) and normal contact loads (increased, see in Fig. 8b) under the same 





Fig. 8. Material removal of circular aluminium thin walls in spot grinding with SAG tools. The material removal 
rate (a) and normal grinding force (b) show the increasing trends with grinding positions in the radial direction 
as well as nominal tool offsets. The spot sizes in area and depth reflect the tool deformation with the same trend 
as the material removal rate (c and d). 
This change also reflects on the spot sizes (see Fig. 8c), that is, the spot size increases when 
the SAG tool moves from the centre to the edge of the thin wall. The areas of thin walls near 
the clamped edges have a higher stiffness than the centre, leading to a higher actual tool 
offset used for tool deformation, and higher compression loads. For a compliant sphere, 
higher loadings have effects not only on the deformation depth (material removal depth) but 
also the contact area (spot size). At the same grinding position, with the nominal tool offsets 
increasing, the actual tool offsets increase as well as the spot size (see Fig. 8d), which is in 
line with the depiction of Eq. (A.5) in Appendix A. 
In Fig. 8c and d, the maximum error (|𝑟𝑚𝑒 − 𝑟𝑐𝑎| 𝑟𝑚𝑒⁄ × 100%) between the measured and 
calculated spot sizes is 13%. It is found that the bigger error most likely occurs near the edges 
where abrasive motion starts or ends (see the top or the bottom edges of the spot in Fig. 8c 
and d) and in the circumstance of lower tool offsets (see the right top figure in Fig. 8d). In the 
compression deformation process, the SAG tool surfaces above the contact zone are slightly 




surface thanks to the tool spindle rotation, lengthening the distance of spot size along the 
abrasive motion direction, instead of a perfect circle spot as we assumed. The elastic 
modulus of the tool relies on all components. The more rigid fabric and abrasives may present 
a major role when a little deformation occurs. It means the actual equivalent elastic modulus 
of the tool is a little bit higher than the assumed one only from rubber when there is a small 
deformation. 
4.2 Continuous grinding tests 
The deflection of thin walls in compliant grinding is related to grinding positions even for a 
centrosymmetric & axisymmetric thin wall, which indicates that nominal tool offsets should be 
designed in a time-variant way to obtain a constant material removal rate in grinding a 
complete surface of thin walls (see in Fig. 9a), as discussed in Section 2.2.2. 
Based on the relationship between the material removal rate and the actual tool offset 
(Section 3.2), the aim is to obtain a constant actual tool offset. This requires a constant 
contact force that yields the same tool deformation as illustrated by the corresponding relation 
in the calibration tests (see section 3.2) and validated by the spot grinding tests (see section 
4.1). In continuous grinding, the material removal rate could be replaced by the material 
removal depth as the ground surface evaluation parameter in the same processing conditions 
(e.g. same spindle speed, feed rate, process angle and grinding routes in table 1). The 
desired removal depth is the one obtained from the case where the compliant tool is 
performed on the rigid aluminium block with a constant tool offset (see dot lines in Fig. 9e). 
The ground surface of a circular aluminium thin wall under a constant tool offset presents a 
non-flat profile (i.e. high at the centre but low along edges, see in Fig. 9c), and a lower removal 
depth than the flat surface obtained from time-variant tool offsets (see in Fig. 9d). To better 
depict and evaluate their differences, cross-sections along four directions (0°, 45°, 90° and 
135°) are introduced in Fig. 9e. Under constant tool offsets, the profile fluctuation has an 
amplitude of around 50μm in the ground area (see dash lines in Fig. 9e), and the surface 
occurs unexpected deformation leading to the ground surface above the initial (see blue and 
red dash lines in Fig. 9e). The interactions between the tool and workpiece include out-plane 
(outside the 𝑥𝑦 plane) and in-plane (in the 𝑥𝑦 plane) cases. The out-plane interactions are 
the normal contact loads which provide pressure for material removal and induce the thin-
wall deflection. For the same desired removal depth, the normal contact loads under constant 
tool offsets are small and nonuniform relative to the case of time-variant tool offsets. The in-
plane interactions derive from the material removal related to the abrasive and tool motion 




the thin-walled part and an unstretched lower surface. In an exaggerated sense, the stretched 
upper surface is larger than the unstretched lower surface of the thin-walled part and this will 
lead to upwards deformation of the thin wall. The normal contact loads under the given tool 
offset are not enough although they can stop the upward deformation. Hence, it appears that 
the final position may be higher than the initial surface when the given tool offset is small (see 
the blue dash line in Fig. 9e). The phenomena are more obvious when the tool offsets are 
smaller, i.e. the smaller nominal tool offset (compare the green, red and blue dash lines in 
Fig. 9e). In other words, the non-flat ground surface occurring in the conventional approach 
is not only from the non-uniform material removal but also the post-processing deformation.  
On the contrary, no unexpected deformation occurs in the case of time-variant tool offsets. 
This is because, the downward normal contact loads play a dominant role in thin-wall 
deformations although the in-plane forces in the upper and lower surfaces are still 
unbalanced. The downward deformation from normal contact loads resists the upward 
unexpected deformation from in-plane forces. For the same desired material removal depth, 
the normal contact loads in the time-variant case are higher and more uniform than those in 
the constant tool offset case, so the unexpected deformation is less visible.  
The surfaces ground under the time-variant tool offsets reach the desired removal depth with 
an average error ≤10% and achieve 11.2μm, 24.2μm and 41.8μm (P-V) accuracy, 
respectively (see Table 2). Compared with constant tool offsets used in the conventional 
approach, the surfaces ground under time-variant tool offsets show a better agreement with 
the desired removal depth and less profile fluctuation. It is found that the gaps of the time-
variant case relative to the desired removal depth tends to be bigger when deeper material 
is removed (see the green solid and dot lines in Fig. 9e). With a higher nominal tool offset, 
the normal contact loads are dominant. However, this could induce the maximum stress 
above the yield strength of chosen material which is not under the consideration of the 
proposed method. That is, the thin wall components partly reach the plastic domain when the 
tool is near the thin wall centre, which is not acceptable in machining (see Fig. 10). 
Our model is able to obtain the desired constant material removal rate of thin-wall 
components, by controlling the normal offset of the compliant tool based on the grinding 
positions in the elastic domain. The radius, grain size, hardness, spindle speed and precess 
angle of the SAG tools are contributing factors for tool influence functions, and the relation 
between the given and actual tool offsets is related to the dimensions, boundary conditions 
and material properties of thin walls and tools. Although only a simple case is presented here, 




between two elastic bodies. 
 
Fig. 9. Ground surface comparisons between the constant (a) and time-variant tool offsets (b). The material is 
removed uneven and less in conventional approaches with constant tool offsets (3D view of ground surfaces in 
c) than time-variant tool offsets (3D view of ground surfaces in d). An unexpected deformation is discovered in 





Table 2 Errors between desired and actual removal depths in the cases of conventional and 
novel approaches. 
Errors relative 
to the desired 
depth (μm) 




Unground Ground Unground 




Proposed 60.3 64.1 
9.4 
(15.7%) 





60.0 70.6 58.9 85.4 
97.8 
(163.2%) 






Proposed 111.0 113.3 
25.3 
(22.9%) 





110.7 118.2 70.4 108.2 
120.5 
(108.8%) 














137.2 140.5 96.3 121.2 
134.7 
(98.0%) 





Fig.10. Maximum contact stresses of thin walls are calculated based on the proposed model and finite element 
analysis (a) when the complaint tool changes the grinding positions relative to the thin-wall centre (b) under the 
time-variant tool offsets. 
 
5 Conclusions 




components with compliant tools. The main contributions of this paper are drawn as follows: 
- This paper addressed for the first time the contact problem involving dual compliances in 
machining. The proposed model enables the prediction of the thin wall deflection and tool 
deformation under a nominal tool offset. It was validated by spot grinding tests employed 
on thin aluminium walls with SAG tools. 
- Further, this paper proposed a new control strategy, i.e. by controlling the nominal tool 
offset in such a way of being time-variant in grinding thin-walled parts with SAG tools, to 
obtain a constant material removal rate based on the position-dependent characteristics 
of the thin wall deflections.  
- The surfaces ground under the time-variant tool offsets (proposed approach) reach the 
desired removal depth with an average error of ≤10% and achieve 11.2μm~24.2μm (P-V) 
accuracy in the elastic domain, compared with the error of 76.8%~113.7% and accuracy 
of 42.6μm~50.1μm (P-V) in the circumstance of constant tool offsets (conventional 
approach). 
Although the case study presented here is for the grinding processes, the proposed 
controlling strategies based on the theoretical analysis of the contact deformation, could be 
applied for other manufacturing operations where both the tool and workpiece are compliant. 
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Appendix A 
The grinding zone assumed as a perfect circular (with the radius of 𝑎 [37]) is discretized into 




pressure is varied from different annuluses but same in one. Here, we neglect the pressure 
difference along the circumferential direction, and therefore, we focus on the element 
positions in the radial direction. 
 𝑟𝑐
𝑖 = 𝑎 2𝑛⁄ + 𝑎(𝑖 − 1) 𝑛⁄ , 𝑖 = 1,2,3, . . . 𝑛 (A.1) 
 𝑟𝑛
𝑖 = 𝑎(𝑖 − 1) 𝑛⁄ , 𝑖 = 1,2, . . . 𝑛 + 1 (A.2) 
 𝑆𝑖 = 𝜋𝑎
2[𝑖2 − (𝑖 − 1)2] 𝑛2, 𝑖 = 1,2, . . . 𝑛⁄  (A.3) 
 𝑎𝑐 = √𝑅2
2 − (𝑅2 − 𝑒)2 (A.4) 
 𝑎 = √𝛿2𝑅2 (A.5) 
Please note that we establish the geometric equilibrium equation (Eq. (2)) concerning 
centroids and nodes of discretized elements, so the initial positions (Eq. (3)) are updated 
based on element positions (𝑟𝑐
𝑖 and 𝑟𝑛
𝑖). However, the resultant pressure is located at the 
element centroids. 
Appendix B 
Considering the auxiliary function (𝛷) given by [34] 
 𝛷 = ∑ (𝑞𝑖 − 𝑞𝑖+1)
2𝑛−1
𝑖=1  (B.1) 
The mean square error is 
 𝜓(𝑞𝑖) = (𝐴𝑗𝑘𝑞𝑘 − 𝐵𝑗)(𝐴𝑗𝑖𝑞𝑖 − 𝐵𝑗)+ 𝜆𝛷, 𝑘 = 1,2,3, . . . 𝑛 (B.2) 
For a minimum of error, it is required that 
 𝜕𝜓(𝑞𝑖) 𝜕𝑞𝑘⁄ = 2𝐴𝑗𝑖𝐴𝑗𝑘𝑞𝑖 − 2𝐴𝑗𝑘𝐵𝑗 + 𝜆𝜕𝛷 𝜕𝑞𝑘⁄ = 0, 𝑘 = 1,2,3, . . . 𝑛 (B.3) 
where 𝜆 is the FR control parameter for the pressure step of adjacent elements.  
The matrix form of the Eq. (C.3) is given by 
 [𝐴]⊺[𝐴]{𝑞} + 𝜆[𝜑]{𝑞} = [𝐴]⊺[𝐵] (B.4) 

























Hence the contact pressure is 
 {𝑞} = ([A]⊺[A] + 𝜆[𝜑])−1[𝐴]⊺[𝐵] (B.6) 
Appendix C 
Partial derivatives of the thin wall deflection function, 𝜕𝛿1 𝜕𝑟1⁄ , 𝜕
2𝛿1 𝜕𝑟1
2⁄ , and 𝜕2𝛿1 𝜕𝜃
2⁄  in 
Eq. (26) and (27) are expressed as: 
 𝜕𝛿1 𝜕𝑟1⁄ = {
𝑑𝐾0 𝑑𝑟1⁄ + ∑ (𝑑𝐾𝑚 𝑑⁄ 𝑟1) cos𝑚𝜃
∞
𝑚=1 , for 0 ≤ 𝑟1 ≤ 𝑏
𝑑𝐾0 𝑑𝑟1⁄ + ∑ (𝑑𝐾𝑚 𝑑⁄ 𝑟1) cos𝑚𝜃
∞





2⁄ + ∑ (𝑑2𝐾𝑚 𝑑⁄ 𝑟1
2) cos𝑚𝜃∞𝑚=1 , for 0 ≤ 𝑟1 ≤ 𝑏
𝑑2𝐾0 𝑑𝑟1
2⁄ + ∑ (𝑑2𝐾𝑚 𝑑⁄ 𝑟1





2 cos𝑚𝜃∞𝑚=1 , for 0 ≤ 𝑟1 ≤ 𝑏
−∑ 𝐾𝑚𝑚
2 cos𝑚𝜃∞𝑚=1 , for 𝑏 ≤ 𝑟1 ≤ 𝑅1
 (C.3) 







𝑑𝐾0 𝑑𝑟1⁄ = 𝑃𝑟1[2𝑙𝑜𝑔(𝑏 𝑅1⁄ ) + (𝑅1
2 − 𝑏2) 𝑅1
2⁄ ] 8𝜋𝐷1⁄
𝑑𝐾1 𝑑𝑟1⁄ = −𝑃𝑏
3[2(𝑅1





−4𝑙𝑜𝑔(𝑅1 𝑏⁄ ) 𝑏
2⁄ ] 16𝜋𝐷1⁄
𝑑𝐾𝑚 𝑑𝑟1⁄ = 𝑃𝑏
𝑚{𝑚𝑟1
𝑚−1[(𝑚− 1)𝑏2 − 𝑚𝑅1
2 + 𝑅1
2𝑚 𝑏2(𝑚−1)⁄ ] 𝑅1
2𝑚⁄
+(𝑚 − 1)(𝑚 + 2)𝑟1
𝑚+1[1 − 𝑚𝑏2 (𝑚 + 1)𝑅1
2⁄
−𝑅1
2𝑚 (𝑚 + 1)𝑏2𝑚⁄ ] 𝑅1












𝑑𝐾0 𝑑𝑟1⁄ = 𝑃[2𝑟1𝑙𝑜𝑔(𝑟1 𝑅1⁄ ) + (𝑟1
2 + 𝑏2) 𝑟1⁄ − (𝑅1
2 + 𝑏2)𝑟1 𝑅1
2⁄ ] 8𝜋𝐷1⁄
𝑑𝐾1 𝑑𝑟1⁄ = −𝑃𝑏
3[− 1 𝑟1
2⁄ + 2(𝑅1





−4𝑙𝑜𝑔(𝑅1 𝑟1⁄ ) 𝑏
2⁄ + 4 𝑏2⁄ ] 16𝜋𝐷1⁄
𝑑𝐾𝑚 𝑑𝑟1⁄ = 𝑃𝑏
𝑚{𝑚𝑟1
𝑚−1[(𝑚 − 1)𝑏2 −𝑚𝑅1













2 − (𝑚 − 1)𝑏2 (𝑚 + 1)⁄ ] 𝑟1
𝑚+1⁄
+2 𝑟1















2 − 𝑏2)2𝑟1 𝑅1
4𝑏4⁄ ] 16𝜋𝐷1⁄
𝑑2𝐾𝑚 𝑑𝑟1
2⁄ = 𝑃𝑏𝑚{𝑚(𝑚 − 1)𝑟1
𝑚−2[(𝑚 − 1)𝑏2 −𝑚𝑅1
2
+𝑅1
2𝑚 𝑏2𝑚−2⁄ ] 𝑅1
2𝑚⁄ + (𝑚 − 1)(𝑚 + 2)(𝑚 + 1)
𝑟1
𝑚 𝑅1
2𝑚⁄ [1 −𝑚𝑏2 (𝑚 + 1)𝑅1
2⁄
𝑅1














2⁄ = 𝑃[2𝑙𝑜𝑔(𝑟1 𝑅1⁄ ) + 2− 𝑏
2 𝑟1
2⁄ − 𝑏2 𝑅1
2⁄ ] 8𝜋𝐷1⁄
𝑑2𝐾1 𝑑𝑟1
2⁄ = −𝑃𝑏3[2 𝑟1
3⁄ − 6(2𝑅1
2 − 𝑏2)𝑟1 𝑅1
4𝑏2⁄ + 4𝑟1 𝑏
2⁄ ] 16𝜋𝐷1⁄
𝑑2𝐾𝑚 𝑑𝑟1
2⁄ = 𝑃𝑏𝑚{𝑚(𝑚 − 1)𝑟1
𝑚−2[(𝑚 − 1)𝑏2− 𝑚𝑅1
2 + (𝑚− 1)𝑟1
2
−𝑚(𝑚 − 1)𝑏2𝑟1
2 (𝑚 + 1)𝑅1
2⁄ ] 𝑅1
2𝑚⁄
+2(𝑚 − 1)(2𝑚 + 1)𝑟1
𝑚[1 −𝑚𝑏2 (𝑚 + 1)𝑅1
2⁄ ] 𝑅1
2𝑚⁄
+ (2 −𝑚)(1 − 𝑚) 𝑟1
𝑚⁄
−𝑚(𝑚 − 1)𝑏2 𝑟1
𝑚+2⁄ } 8𝑚(𝑚 − 1)𝜋𝐷1⁄
 (C.7) 
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